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This pamphlet fits squarely in (classical) differential geometry: metrics
and its relation to connections and curvature.

0.1 Metrics on a manifold

Let M be a n-dimensional manifold. A metric g on M is a map g : MP x,,
MP — R satisfying the following requirements for every x € M:

(1) gp : M, x M,— R is bilinear
(2) go(u,v) = g, (v,u) whenever u,v € M, (symmetry)
(3) If g,(u,v) =0 for all v € M,, then u = 0 (non-degeneracy)

Notice that for an R-module V' we have an equivalence
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where V* = Ling(V, R). In particular (for V' = M, and ¢ = g,) from (1) we
obtain a linear map

The map ¢ is injective (because of (3)) and hence it preserves linear inde-
pendence. Furthermore 1 is surjective, since M, and (M,)* have the same
dimension. In fact,



Lemma 0.1 If an R-module V' is n-dimensional, then so is V*.

Proof: The usual proof for vector spaces (see e.g [?]) apply without changes
to this case.

Let {0/0x%|,,...,0/d|.} be the canonical basis of M, = R™ and {¢', ..., "}
the dual basis of (M, )*. Then,
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Relative to these bases, the matrix of ¢ is ( j)u To compute the coefficients
of this matrix, notice that from the previous expression, ¥(8/927|,)(8/9z",) =
SN Z(@/@x'ﬂ ) = YiMoi = M, ie., X = g;i. Thus, the matrix sought for
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Since v has an inverse, let M(¢~!) = (¢);; be the matrix of this inverse
relative to the same bases. Then (g;;);; and (¢);; are inverse of each other.
They will play a fundamental role in ”axiomsfieldequations(final).pdf”.

0.2 Metrics and associated connections

Given a metric ¢ we shall define a connection V : MP x,; MP—MP*P
as follows. Recall that by introducing coordinates we may as well assume
that M = R". In this context, a connection V : R" x R" x R"— R" X
R™ x R" x R*—R" is completely determined by its fourth component V* :
R" x R" x R"—R". Let T};(z) = —(V*(9/0x'|,,0/027|,))x, where (v)y
denotes the k"-component of v. We define

gii(x) = (0/0a"|,, /02 |.)

From now on, we shall write < —, — > for a metric, rather than g(—, —).
We say that a connection V is compatible with a metric < —, — > if the
parallel transport along any curve v, 75,(v, —) : T3 (7(t))—7y/ (y(t + h)) is
an isometry for the metric < —, — > .

Proposition 0.2 A connection V is compatible with a metric < —, — > iff
for every curve v and every t € R, 7,(7y) : Myy— M, is an isometry for
< — = >



Proof: By definition, 7;(y,v) = V (t). Now,

hd/dt <V (t),V(t)> = <V(t+h),V(t+h)>—-<V(t),V(t) >
= <7mV(t),mV(t) >—<V(¢),V(t) >

By hypothesis, < 7,V (t), 7,V (t) >=< V (), V(t) > . Thus,
d/dt <V(t),V(t) >=0
and hence < V(t), V(t) > is constant.

Lemma 0.3 A connection V is compatible with a metric < —,— > iff it
satisfies the following condition: whenever V,W are vector fields along any

curve vy,
d/dt < V,W >=< DV/dt, W > + < V, DW/dt >

Proof: [cf. Spivak, volume II, page 254] Assume that V satisfies the condition
and let v € M, . Let V' be the unique parallel vector field along v such that
V(0) = v. Then

d/dt <V, V >=2< DV/dt,V >=0

So < V.,V > is constant along v and in fact equal to < v.v >.

We recall that, by definition, 7(y,v) = V(t). Thus, 7;(, —) is an isometry,
i.e., V is compatible with the metric.

Assume now that V is compatible with the metric < —, — >. Choose
parallel vector fields P, ... P, along a curve ~, which are orthonormal at one
point of v and hence at every point of . Let

{ V(t) = i v () Fi(t)
W(t) = i w’ (1) P5(t)

Therefore

ie.,



By the properties of covariant derivation and the fact that the P’s are parallel
along 7,

DV/dt =¥, Dv'/dtP,,

DW/dt = ) Duw'/dtP;,

Hence,
< DV/dt,W >+ <V, DW/dt > = I [(Dv'/dt)w’ + v'Dw'/dt] >
= d/dt <V, W >
Corollary 0.4 The connection V is compatible with the metric < —, — >
uf

Ogju/0x' =< V/py10/027,0/0z" > + < 0/027,V y/g,:0/ 0" >

Proof: Assume that V is compatible with < — — > and let zg = (2}, ..., 20) €

M = R™. Define v(t) = (z(¢),...,2"(t)) with 2'(t) = z{ + t and 27 (¢t) = x},
for all 5 # i. By the previous proposition,

d/dt < 9/0x7 0ory,0/0x% oy > = < D/dt(0/0x7 0~),d/0xF 0oy >
+ < 8/0x7 o, D/dt(0/0x" o) >

d/dt = 0/0x'

D/dt(0/0x7 o) = Vy9,:0/ 0
In fact, the first is obvious and the second follows from ”covariant deriva-
tion.pdf” page 5 (Proposition 6 (c¢)). Computing at ¢t = 0, concludes the proof
in one direction. To prove the other direction, let ~v(t) = (x'(t),...,2"(t))
be a curve of M = R". The proof proceeds by writing

{ V(t) = 320 ()02’
W(t) = 3, w'(t)0/0x' ]

Bi-linearity of the metric reduces the computation of d/dt < V (t), W(t) >
to the special case: V(t) = 0/0x7 |, and W(t) = 8/0xF |, ).

Lemma 0.5

< D/dt(@/&l’jh(t), 8/64&]7@) >= Z < Va/axia/al‘j’q,(t), 8/8’“\7@) > dmi/dt



Proof: This follows from ”covariantderivation.pdf” pages 5:

D (0027 )) = Xy T,0/ 'y da /e
Voy02i0/ 027 |y = 3, 1,0/ 02! 1)

To finish the proof that V is compatible with the metric, we just compute
d/dt < 0/8:z:j|7(t), 0/8$k|v(t) >=> 8/8(171 < 8/8$j|,y(t), 8/8{Bk|,y(t) > dl‘i/dt
=>,< Va/axim)a/axﬂ',8/61:’“\7(15) > df/dt

+3, < 8/8:}01 7(t),v@/aggia/axk > dl’i/dt
=< D/dta/ﬁxjh(t),a/@%k >+ < 8/8xj,D/dt8/6m’“|y(t) >

Proposition 0.6 (Fundamental lemma of Riemannian Geometry)
On a Riemannian manifold there is a unique symmetric connection compat-
tble with the metric.

Proof: Define

[ij, 1] = 1/2[0g4/0x7 + Dg; /0" — Dg;;/0']
Ff_;y = Z?:l gkl [Zja l]

As we saw in 77, the Ffj’s define V completely. It is easy to see that the

connection thus defined is symmetric.

Notice that the second equation is equivalent to [ij, 1] = > 7_, Ffj qix, since
the matrices (¢"); and (gi. )i are inverse of each other.
Claim 1: Vyy,:0/027 = Yp_ TF0/0x" (cf.  covariantderivation.pdf
page 6)
Claim 2: < Vj,5,:0/0x7,0/0z' >= [ij,1]. In fact,
< Vo0210/027,0/02! > = < ¥ THo/0x*, 0/9z" >
= Yo I <0/02%,0/02" >
= Y1 F?jgkl
= [Zja l]
Claim 3: 9g;,/02" = [ij, k] +[ik, j]. Indeed, this is obvious from the very
definition of [ij, [].

Notice that we may re-write claim 3 as

0/02' gjk =< V§)5,10/027,0/02% > + < 8/0x7,V 9,0/ >



Corollary 0.7 The following are equivalent:
k . . .
1. T3(x) = 0 for all i, j,k
2. (0gij/0x*)(x) = 0 for all i, j, k
Proof: Assume 1. Then [ij,1] = ¥7_; TFgu = 0 (proof of claim 2) and hence

2 by claim 3. Assume 2. Then [ij,l] = 0 (by definition of [ij,{]) and this
implies I by the very definition of Ffj
Claim 4: V is compatible with < —, — > . This was already proved (cf.

0.4)

Claim 5: The connection defined above is the only symmetric connection
compatible with the given metric. (Cf [?] II, page 256.)

To show this, let V be any symmetric connection compatible with the
metric, i.e., claim 3 holds. By defining [ij, k] =< Vg,9,:0/027,0/02" >, we
obtain by cyclically permuting ¢, 7, k

Ogri /0 = [jk, 1] + [ji, k]
0gij/ 0" = [ki, j] + [kj, 1]
Using symmetry, i.e., [ij, k] = [ji, k], a trivial computation gives
1/2[0gu. /037 + Og;1./0x" — Dgy;/0x"] = [if, K]

This is the defining formula for [ij, k] used above to obtain a connection from
a metric. We had already proved that

(Vo,0:10/027) = > T5:(2)0/ 02" |,
=1

Therefore,
lij,k] = < Vg5,0/027,0/02% > (by definition)
<YL, TL0/0at,0/0xF >
Y Il < 0/0at,0/0x% >
= 24 Féjglk

But this implies that

Féj = Z gkl[2]7 k]a
k=1
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i.e., the same formula to define the connection from a metric used above.

The unique symmetric connection compatible with a metric is called,
improperly according to Spivak ([?] II, page 256), the Levi-Civita connection
for the metric.

0.3 Curvature in terms of the metric

Assume that we are given a microlinear space M with a metric g. As shown
previously 777 there is exactly one connection compatible with ¢, namely
the one defined by

[ij, 1] = 1/2[0gu/0x7 + g, /0" — 8g¢j/8xl]
IF =0, g"ig, 1]

Claim 1: [ij, 1] = >3_; gul'};

This is obvious from the definition of (g, )i as the inverse matrix of (g*!)y;.
Claim 2: dg;;./0x" = [ij, k] + [ik, J]

This was proved in ”axiomsfieldequations(final).pdf” (pages 13/14)
Claim 3:

30190000 /0y = Oljk,d] /0y — S5 T ([il, 5] + [V, ])
This follows from the product rule for differentiation and claims 1,2
2221 givar;{k/ayl = 8/3yl(2221 ng]‘k) - 22:1(agm/ayl)r}k
For the next claim, define
Riji = ;91'3' R;Ylk
Claim 4
Rijie = 1/2[0%gix /0y’ 0" + 829jl/8?/i8?/k — 029/ 0y’ OyF — 3ngk/8yi8yl}

This follows from our expression for the Riemann-Christoffel tensor (see
”Riemann-Christoffel.pdf” page 3):

R, = 0r), /0y’ — or) Joy* + > (T}, — T
pn=1
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and our previous claims. In more detail:
_ v
Riljk = 27 ginj[]g

2y gijarzj/ayl -2 gijaFle/ﬁyk
+ 2591 2u Uil — 25 90 2, T,

Now use claims 1,2,3.

Claim 5 . ‘
Rijii(p) =< Rosay,.0/04%1,0/ 09 |p, 0/ 0y'l, >
In terms of the canonical basis {9/9y",...,d/0y™}

RHS = < ¥, (Rojopr,.0/00,0/04'|,)0/0y", 0/ 0y' >
= Xy Rojoyri,.0000,0/0y < 9y, 0y* >
= Ly Rojoyri,00001,0/ 09 9y
= 2, R;'Yklgi’Y

Rijn

Proposition 0.8 The following holds

(1) < nyZ, W > = —< Ry)(Z, W >
(2) < nyZ, W > = —< nyVV, 7 >
(3) ZD < nyZ, W >=0

(4) < nyZ, W > = < szX,Y >

(In (3) the cyclic permutations apply only to X,Y,Z.)

Proof: (1) follows from RyyZ = —RyxZ and (3) from the Jacobi identity.
To prove (2) and (4), introduce a coordinate system. From Claim 5, (2) and
(4) become, respectively

(2)" Rijti = —Rjin
(4)" Ryij = Rijm

But these follow at once from Claim 4.

Corollary 0.9 Ric is symmetric, i.e., Ric(u,v) = Ric(v,u).



Proof: Recall that

Ric(u,v) = < Ry /0., 0/0x" >

and that we can express the difference (cf. ”Riemann-Christoffel.pdf” page
5)
Ric(u,v) — Ric(v,u) =Y < R,,0/02",0/0z" >

But each term of the sum is zero by (2).



