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0.1 Curvature of a connection

Following Lavendhomme [1] we define the curvature of the connection V as
the map R: X (M) x X(M) x X(M)—X (M) defined by

RxyZ=(CoCP —CoCPoX)(X+xY x2)

where X,Y,Z € X(M), C : MP*P— MP is the connection map of V and
(X*Y*Z)(dl,dg,dg) = Zd3 o Yd2 OXd1

In the following proposition, Y, denotes the ”cyclic sum” defined by
20 (X1, Xo, X3) = ¢(Xy, Xo, X3) + ¢(Xo, X5, X1) + (X5, X1, Xo)

Proposition 0.1
1. RxyZ =VxVyZ —VyVxZ —Vxy|Z
2. RX2X1X3 - _RX1X2X3

3. Assume that V is symmetric. Then Yo Rx,x,Xs = 0. (First Bianchi
identity).

Proof:

1. Already done (cf. ”Curvaturetorsion.pdf” Proposition 0.14, page 12)



2. Immediate from the first and V_xY = —VxY. (cf. ”Covariantderiva-
tion.pdf” Theorem 3, page 3)

3. Since V is symmetric, VxY — VyX = [X,Y] (cf. 7Curvaturetor-
sion.pdf” Proposition 0.15, page 16). Compute the LHS using this
relation repeatedly

EO RX1X2X3 = ZO(VX1VX2X3 - szvX1X3 - V[Xl,Xg]XZi)
= 20 Vx, [Xo, X3] = 20 Vix, x5 X3
= YoV, [Xo, Xs] = Vix, x5 X1)
= ZO[Xla [X27X3]]
= 0 (Jacobi’s identity)

0.2 Curvature of a connection when M = R".

We start with the relation
Ro)01i0)9210/ 05" =V 5,5:1(V 95260/ 02") — V5541 (V 510/ 0™

which follows from 0.1 and [0/dz", 9/0x7] =

We now use the relation

(cf, ” Covariantderivation.pdf” page 4). Therefore,

(1) Vajau (32 T5,0/02") = 32 Vi aui (17,0/02")
= (3Flk/3xla/8$ +17 kva/axza/@x )
= 8Plk/3xza/ax +Zl kaa/axza/ax
Similarly,
(2) V@/axj (Zl Fika/axl) = aFlk/axja/ax + Zl kVa/axj(?/(?xl
Letting R}, = Rojosio)0.:0/02" we have

R = (1)~ (2)



F and its [ component is readily computed to be

(RE) = oI, /ot — o J0x? + > (T I, — TaI )

This coincides with what Spivak (vol I, page 189) and Einstein (" The mean-
ing of Relativity”, page 74, fifth edition) call RLU, but Withfé.i instead of our
Fﬁj. Notice, however, that this difference is spurious. Since V is symmetric,
Ffj = F;?i as the following argument shows:

V(t1,t2)(d1, d2) = x + dye; + daej + d1daVy((2, €;), (x, €5))
Therefore,

V(ta, t1)(da, di) = x + daej + dieg + d1daVa((, €5), (2, €;))
By definition of V being symmetric, V(t1,t2)(d1,d2) = V(t2,t1)(d2, dy) and
this implies that T}, = —(Va(z, €;), (2, €:)))r = —(Va(z, &), (x,€5)))r = T,

0.3 The Riemann-Christoffel tensor

Let M be microlinear with a symmetric connection V. In this section we
define the tensor of the title in terms of the curvature R of V.

We define the Riemann-Christoffel tensor to be the map R : MP x
X MP %y MP—MP given by the prescription

R(t1,t2,t3) = (Rx,x,X3)m

where tl’tQ,tg € Mm and (Xz)m = tz

For this definition to make sense, we must show the following
Lemma 0.2 Assume that X, = X! Y, =Y Z, =2 . Then
(RXYZ)m = (RX’Y’Z/)m

Proof: Notice first that (Rxy Z)m = (Rx'y Z)m, i.e., a letter may be replaced
by the corresponding primed letter if it occurs in first position. This follows
from the definition of the curvature, namely

RxyZ=(CoCP —CoCP o) (ZxY *xX)
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by observing that (Z xY * X),, = (Z*Y x X'),,,. In fact,

(Z*Y*X)m<d1,d2,d3) =

Zd3 © Yd2 © Xz/11>m

Using the previous proposition,

RX/Y/Z/ —RY/Z/X/ - RZ/X/Y/
RZ/YIX, - RZ/X/Y/
Rzy/X/ - RZX/YI
—RylzX/ — RZX’Y,
= RxwvZ

= RxvZ

Proposition 0.3 The Riemann-Christoffel tensor has the following proper-
ties

R(tg,tl,tg) = —R(tg,tl,tg)

R(tl,tg, tg) + R(tg, t3,t1) + R(tg,tl,tg) =0

R()\tl,tg,tg) = AR(t1, 12, t3)

R(tl, )\tQ, tg) - )\R(tl, tg, tg)

R(tl, tg, )\ng) - )\R(tl, tQ, t3)

Proof: ITmmediate from the corresponding ones for Rxy Z in ”curvaturetor-
sion.pdf” page 17.

Conjecture: R(ty,ts,t3) = Ryt,ts, where the RHS refers to the Riemann-
Christoffel tensor defined a la Cartan (cf. mo/re and 777)

For finite dimensional manifolds, this follows from the Proposition in page
236 of Moerdijk/Reyes. However, no proof of this proposition is given beyond
the comment that it follows from ”a horrible computation”.

0.4 Contraction of a tensor

PUT THIS IN CLASSICAL CONTEXT ONLY! If Rl is the curvature ten-

sor, we define R;; = >, Rﬁjl to be the Ricci tensor. The operation of the
passage from the first tensor to the second is called ”contraction”.
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From a more conceptual point of view, the Riemann-Christoffel curvature
tensor is given by a map R : MP x MP x 3y MP—MP. The contraction
is a new map Ric : MP x3y MP—MP defined as follows: if u,v € M,,
let U(u,v) : M,— M, be the R-linear map defined by ¥ (u,v)(w) = Ry,v.
Then Ric(u,v) = trace(¥(u,v)).

To connect this invariant definition of Ric with the classical expres-
sion of the Ricci tensor we take any basis of M, to represent ¥(u,v) as
a matrix. Then Ric(u,v) is the trace of this matrix. Take, for instance
the basis {9/02|,};. Then the matrix of ¥(u,v) relative to this basis is
(W' (¥ (u,v)(0/027|;))ij, where {w'}; is the dual basis. Then its trace is
Ric(u,v) = ;W (Ry@/oxi,)v). In coordinates, if v = 9/927|, and v =
0/0z",, then the Riemann-Christoffel tensor is Rﬁjk and the Ricci tensor
is indeed 3>, R};; = Ry, i.e., its contraction.

Proposition 0.4 If V is symmetric, then
Ric(u,v) = Ric(v,u)

Proof: From proposition ?? Ru,0/0x;|s)+R(0/0%;| s, v, u)+R(v, u,0/0x;|,) =
0. Thus R(u,0/0x;|s,v) — R(v,0/0z;|z,u) = R(u,v,d/0z;|,) which in turn
implies that

Ric(u,v) — Ric(v,u) = > w'R(u,v,d/0;,)

We are reduced to prove
Claim: 3, w'R(u,v,d/0x;|,) =0

Another way of posing the problem: let ¢ : M,—— M, be the linear trans-
formation defined by ¢(w) = R(u, v, w). Then its matrix is skew symmetric.
In fact 777

REST OF THE PROOF???

I cannot prove this proposition, but something much weaker:
Lemma 0.5 For everyx € R, 2> —x+1 > 0.

Proof: LATER!



Lemma 0.6 Let vy,...,v, € R. There exists vy > 0 such that for every i
vy + v; and vg — v; are units.

Proof: Take vy = 1+ >, v? and use previous lemma.

Corollary 0.7 Let ¢ : R" x R*—R be multilinear such that ¢(u,u) = 0
whenever u # 0. Then ¢ vanishes on the diagonal.

Proof: Let v € R". Then v = (v ...,v,). By the previous lemma there is vy
such that both vy + v; and vy — v; are units. Let u = (v, ..., vp). Hence u,
u + v and © — v are non-zero. Thus

0=0¢(u+v,u+v)=¢(u,u)+ o¢(u,v) + o(v,u) + ¢(v, v)
0= QS(U —vU— U) = ¢<u> u) + gb(u, _U) + ¢(_U7 u) + gb(_U? —U)

Adding these two equations and using multilinearity we obtain the desired
result. CHECK!

Einstein’ vacuum field equations

Ric(u,u) =0 for every u € M,

To conclude Ric = 0 it is enough to show that Ric is symmetric. I don’t know
whether this can be proved in this general context. However, by defining the
symmetrization of Ric, Ric®¥™(u,v) = 1/2(R(u,v) + R(v,u)) we can write
these equations as

Ric™™ = 0.

(In fact, develop Ric(u + v,u +v) = Ric(u,u) + 2Ric*¥™(u,v) + Ric(v,v))
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